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Abstract
The Heisenberg picture for non-Hermitian but η-pseudo-Hermitian Hamiltonian systems is
suggested. If a non-Hermitian but η-pseudo-Hermitian Hamiltonian leads to real second order
equations of motion, though their first order Heisenberg equations of motion are complex,
we can construct a Hermitian counterpart that gives the same second order equations of
motion. In terms of a similarity transformation we verify the iso-spectral property of the
Hermitian and non-Hermitian Hamiltonians and obtain the related eigenfunctions. This fea-
ture can be used to determine real eigenvalues for such non-Hermitian Hamiltonian systems.
As an application, two new non-Hermitian Hamiltonians are constructed and investigated,
where one is non-Hermitian and non-PT -symmetric and the other is non-Hermitian but PT -
symmetric. Moreover, the complementarity and compatibility between our treatment and
the PT symmetry are discussed.
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1 Introduction
It is well known that the operators of physical observables are required to be (Dirac) Hermitian
in order to have real eigenvalues in quantum mechanics. However, the Hermiticity can be
relaxed to be η-pseudo Hermiticity or PT symmetry in non-Hermitian quantum mechanics,
where η is a linear Hermitian or an anti-linear anti-Hermitian operator, and P and T stand
for the parity and the time-reversal operators, respectively. In the early 1940s, Dirac [1] and
Pauli [2] introduced a non-Hermitian Hamiltonian and an η-dependent indefinite metric in
the Hilbert space in order to deal with some divergence problems related to the unitarity
of time evolution (conservation of probability). Then, Lee and Wick [3] applied in the late
1960s non-Hermitian Hamiltonians to quantum electrodynamics for keeping unitarity of the
S-matrix. Later, many other authors revealed [4] in different areas of research that a non-
Hermitian Hamiltonian could have real eigenvalues under specific conditions. Till 1998 Bender
and Boettcher [5] constructed a special class of non-Hermitian Hamiltonians and studied the
relationship between the PT symmetry and real eigenvalues. Since then, a large amount of
work has been done, mainly on the PT -symmetric Quantum Mechanics [6] and η-pseudo-
Hermitian Quantum Mechanics [7].
Normally, a non-Hermitian Hamiltonian is analyzed in terms of Schro¨dinger equations
in the η-pseudo-Hermitian and the PT -symmetric quantum theories. Because of the non-
Hermiticity of Hamiltonians, new concepts are introduced, such as indefinite and positive
definite metrics, biorthonormal bases, and modified inner products, etc. Such an analysis has
been demonstrated in detail in the review articles [6, 7] for various non-Hermitian quantum
systems.
In this paper, instead of solving Schro¨dinger equations, we analyze eigenvalues of non-
Hermitian quantum systems from the point of view of Heisenberg equations of motion. To
this end, the Heisenberg picture for non-Hermitian but η-pseudo-Hermitian Hamiltonians is
given as a basis. Then, the first order Heisenberg equations of motion can be derived and they
are found to be complex in general. If the corresponding second order equations of motion are
real, we deduce such a Hermitian Hamiltonian that leads to the same second order equations
of motion. Through a non-unitary similarity transformation we verify that the Hermitian and
non-Hermitian Hamiltonians have the same spectrum. In this way, we can determine that the
non-Hermitian Hamiltonian has real eigenvalues. As an application, two new non-Hermitian
Hamiltonians are constructed and investigated, where one is non-Hermitian and non-PT -
symmetric and the other is non-Hermitian but PT -symmetric. We apply the Heisenberg
picture to a non-PT -symmetric model and thus extend the investigation of real eigenvalues
of non-Hermitian systems from PT -symmetric Hamiltonians to non-PT -symmetric ones. As
to our second model that is PT -symmetric, we wish to show that our treatment is also valid
to a PT -symmetric system.
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This paper is arranged as follows. In the following section, the Heisenberg picture is
provided for non-Hermitian but η-pseudo-Hermitian Hamiltonians. We find that the usual
formulation of Heisenberg equations of motion maintains for the non-Hermitian case if a
suitably modified inner product is introduced. Two new non-Hermitian Hamiltonians are
proposed and analyzed in sections 3 and 4, respectively. Although their first order Heisen-
berg equations of motion are highly non-trivially complex, the corresponding second order
equations of motion are shown to be real. Then, the iso-spectral Hermitian Hamiltonians
that give the same second order equations of motion are deduced, and the existence of real
eigenvalues for the two non-Hermitian Hamiltonians can thus be determined. Finally, section
5 is devoted to a conclusion, where the complementarity and compatibility between our treat-
ment and the PT symmetry are briefly discussed and a possible application of our models in
optics is envisioned.
2 Heisenberg picture for non-Hermitian Hamiltonians
For a non-Hermitian, H† 6= H , but η-pseudo-Hermitian Hamiltonian,
H‡ ≡ η−1H†η = H, (1)
where H does not depend explicitly on time and η, a metric named by Pauli, is a linear
Hermitian operator, the modified inner product is defined [2] as
〈ψ(t)|ψ(t)〉η ≡ 〈ψ(t)|η|ψ(t)〉, (2)
where the wave function at any time ψ(t) satisfies the Schro¨dinger equation, i~ ∂
∂t
ψ(t) =
Hψ(t), and it can be expressed by the wave function at the initial time as follows:
ψ(t) = exp(−iHt/~)ψ(0). (3)
For a physical observable O, in accordance with the modified inner product eq. (2), its average
value now takes the following form in the Schro¨dinger picture,
〈O〉SAv = 〈ψ(t)|O|ψ(t)〉η = 〈ψ(t)|η O|ψ(t)〉, (4)
which is definitely real because O, as a physical observable, has the same η-pseudo Hermiticity
as H , O = η−1O†η. Substituting eq. (3) into eq. (4) and using eq. (1), we rewrite the average
value of the operator O to be
〈O〉SAv = 〈ψ(0)| exp(+iH
†t/~) η O exp(−iHt/~)|ψ(0)〉
= 〈ψ(0)|η
{
η−1 exp(+iH†t/~) η
}
O exp(−iHt/~)|ψ(0)〉
= 〈ψ(0)| exp(iHt/~)O exp(−iHt/~)|ψ(0)〉η. (5)
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Alternatively, one can introduce the Heisenberg picture where the average value of the
time dependent physical observable O(t) has the form,
〈O(t)〉HAv = 〈ψ(0)|O(t)|ψ(0)〉η. (6)
In accordance with the principle that the average value of an arbitrary physical observable is
independent of the choice of pictures, that is,
〈O〉SAv = 〈O(t)〉
H
Av, (7)
we obtain the time dependent observable in terms of the time independent one by comparing
eq. (5) and eq.(6),
O(t) = exp(iHt/~)O exp(−iHt/~). (8)
The time evolution of O(t), i.e., the Heisenberg equation of motion thus has the usual for-
mulation,
O˙(t) =
1
i~
[O(t), H ]. (9)
Consequently, eqs. (6) and (9) give the Heisenberg picture under the definition of modified
inner products (eq. (2)). Note that here the time dependent operator (sometimes called
Heisenberg operator) O(t) has the η-pseudo Hermiticity,
O(t) = η−1{O(t)}†η, (10)
due to the η-pseudo Hermiticity of time independent operators, H = η−1H†η and O =
η−1O†η. Further, the relationship of commutators between the two pictures can be derived,
[O1(t), O2(t)] = exp(iHt/~)[O1, O2] exp(−iHt/~). (11)
This leads to the maintenance of Heisenberg commutation relations for canonical time de-
pendent operators. For instance, to the coordinate and the momentum, x(t) and p(t) satisfy
[x(t), p(t)] = i~, [x(t), x(t)] = 0 = [p(t), p(t)], (12)
if the time independent counterparts obey the (canonical) Heisenberg commutation relations.
3 The non-Hermitian and non-PT -symmetric model
In general, the real equations of motion are closely related with the Hermiticity of Hamilto-
nians, which provides the basis of our analysis. For a quantum dynamical system described
by a Hermitian Hamiltonian,1 HHermitian =
p2
2m
+ V (x), where V (x) is an arbitrary real po-
tential that is usually required to be differentiable with respect to x, the Hamiltonian leads
1Time is hidden for Heisenberg operators in the following context for the sake of convenience.
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of course to a real second order equation of motion, mx¨ + V ′(x) = 0. On the contrary, one
can deduce a Hermitian Hamiltonian from a real second order equation of motion and fix
the Hamiltonian up to a real constant. Consequently, if a non-Hermitian Hamiltonian gives
a real second order equation of motion, its Hermitian counterpart can be deduced from the
real second order equation of motion. The iso-spectrum of the non-Hermitian Hamiltonian
and its Hermitian counterpart can be verified through a similarity transformation. In this
way, one determines the existence of real eigenvalues for such a non-Hermitian Hamiltonian.
Now we turn to our first model. Let
∑∞
k=0 ckx
k+n be a general series, where the index n
can take zero or any of positive integers, and ck’s related to this index are real parameters.
The radius of convergence is defined as R ≡ limk→∞
∣∣∣ ckck+1
∣∣∣, and the range of x’s average values
is required to be less than R. Note that R can take infinity, for example, when this series
is the Bessel function of the first kind of order n, Jn(x), where n = 0, 1, 2, · · · . This means
that this series can cover special functions. By using the series, we construct the following
non-Hermitian Hamiltonian,
H =
p2
2m
+ V (x) +
i
2
{(
∞∑
k=0
ckx
k+n
)
p+ p
(
∞∑
k=0
ckx
k+n
)}
, (13)
where (x, p) is a pair of canonical coordinate and momentum that satisfies the Heisenberg
commutation relations given by eq. (12). Note that this non-Hermitian Hamiltonian is not
PT symmetric in general, which can be seen on the one hand because V (x) is generally not
an even function, i.e., (PT )−1V (x)(PT ) = V (−x) 6= V (x), and on the other hand because
the series usually contains powers of even numbers.
According to the Heisenberg picture established in the above section, we derive the
Heisenberg equations of motion for the non-Hermitian and non-PT -symmetric Hamiltonian
in light of eqs. (9), (12), and (13),
x˙ =
p
m
+ i
∞∑
k=0
ckx
k+n, (14)
p˙ = −V ′(x)−
i
2
{(
∞∑
k=0
ckx
k+n
)′
p+ p
(
∞∑
k=0
ckx
k+n
)′}
, (15)
where the prime stands for the derivative with respect to x. Although the Heisenberg equa-
tions of motion are highly non-trivially complex, surprisingly, we find2 that the quantum
second order equation of motion for the coordinate x is real when eliminating the momentum
p,
mx¨+ V ′(x) +
m
2


(
∞∑
k=0
ckx
k+n
)2

′
= 0. (16)
2See Appendix A for the detailed derivation.
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Correspondingly, we can deduce a Hermitian Hamiltonian that gives the same real equation
of motion,
h =
p2
2m
+ V (x) +
m
2
(
∞∑
k=0
ckx
k+n
)2
, (17)
which can be fixed up to a real constant that has been set be zero.
Now we verify that the non-Hermitian and non-PT -symmetric Hamiltonian (eq. (13))
can be converted into its Hermitian (iso-spectral) counterpart (eq. (17)) by a non-unitary
similarity transformation. Set
HΦ = EΦ, hφ = Eφ, (18)
i.e., H and h have the same eigenvalues E, and Φ and φ are their eigenfunctions, respectively.
By using the Baker-Campbell-Hausdorff formula we can find out such a non-unitary operator
Ω,
Ω = exp
(
−
m
~
∞∑
k=0
ck
k + n + 1
xk+n+1
)
, (19)
which is a linear operator, that it connects the two Hamiltonians as follows:
h = ΩHΩ−1. (20)
The detailed derivation is given in Appendix B. Further considering eq. (18), we get the
relation between the two sets of eigenfunctions as follows:
φ = ΩΦ. (21)
Consequently, we determine the existence of real eigenvalues for the non-Hermitian and
non-PT -symmetric Hamiltonian (eq. (13)) in the Heisenberg picture when all ck are real
parameters. As to the imaginary interacting potential in this Hamiltonian, i.e. the third
term, its effect, when we focus only on eigenvalues, is equivalent to the contribution of the
real potential m
2
(∑∞
k=0 ckx
k+n
)2
, see eq. (17).
Before ending this section, we emphasize that the non-Hermitian Hamitonian eq. (13)
inherently possesses the η-pseudo-Hermiticity, which is the prerequisite for us to adopt the
Heisenberg picture. Taking into account eq. (20) and the Hermiticity of h, we can verify the
η-pseudo-Hermiticity of H ,
H‡ ≡ η−1H†η = H, (22)
where η is expressed in terms of Ω as follows:
η = Ω†Ω. (23)
Note that the metric operator η is both Hermitian and η-pseudo-Hermitian self-adjoint, that
is, it is obvious to see η† = η, and η‡ ≡ η−1η†η = η.
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4 The non-Hermitian but PT -symmetric model
Let us turn to the second model that is non-Hermitian but PT -symmetric. Its Hamiltonian
is given as follows:
H˜ =
A
2
x2 + V (p) +
i
2
{(
∞∑
k=0
akp
k+n
)
x+ x
(
∞∑
k=0
akp
k+n
)}
, (24)
where A is a positive constant with the dimension of [M ][T ]−2, V (p) is an arbitrary real
potential of momentum that is usually required to be differentiable to p,
∑∞
k=0 akp
k+n is a
general series of momentum p, where ak’s are real constants, the index n takes zero or any
of positive integers, and (x, p) is a pair of canonical coordinate and momentum that satisfies
the Heisenberg commutation relations eq. (12). This Hamiltonian may be understood in the
momentum representation of the Hamiltonian (eq. (13)) constructed in the above section, and
hence its PT symmetry is restored due to the exchange between coordinate and momentum
in eq. (13).
Following the same procedure as in the above section, i.e., using the Heisenberg picture,
we at first derive the Heisenberg equations of motion for the coordinate and the momentum
from the non-Hermitian PT -symmetric Hamiltonian eq. (24),
x˙ = V ′(p) +
i
2
{(
∞∑
k=0
akp
k+n
)′
x+ x
(
∞∑
k=0
akp
k+n
)′}
, (25)
p˙ = −Ax − i
∞∑
k=0
akp
k+n, (26)
where the prime stands here for the derivative with respect to the momentum p. Similar
to eqs. (14) and (15), eqs. (25) and (26) are also highly non-trivially complex. However,
by eliminating the coordinate we then obtain the real second order equation of motion with
respect to the momentum p,
1
A
p¨+ V ′(p) +
1
2A


(
∞∑
k=0
akp
k+n
)2

′
= 0. (27)
Using this real equation of motion we deduce the corresponding Hermitian Hamiltonian,
h˜ =
A
2
x2 + V (p) +
1
2A
(
∞∑
k=0
akp
k+n
)2
. (28)
We point out that h˜ has real eigenvalues that are equal to the eigenvalues of H˜. That is, the
property of iso-spectrum can be verified by the following relations,
h˜ = Ω˜H˜Ω˜−1, (29)
φ˜ = Ω˜Φ˜, (30)
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where the operator Ω˜ is found in light of the Baker-Campbell-Hausdorff formula to be,
Ω˜ = exp
(
1
A~
∞∑
k=0
ak
k + n+ 1
pk+n+1
)
, (31)
and H˜Φ˜ = E˜Φ˜ and h˜φ˜ = E˜φ˜ are set like eq. (18). As a result, we determine the existence
of real eigenvalues for the non-Hermitian PT -symmetric Hamiltonians (eq. (24)) in terms
of the Heisenberg picture. Similar to the model in the above section, to the imaginary
interacting potential in eq. (24), i
2
{(∑∞
k=0 akp
k+n
)
x+ x
(∑∞
k=0 akp
k+n
)}
, its effect equals
the contribution of the real potential 1
2A
(∑∞
k=0 akp
k+n
)2
in the aspect of eigenvalues, see
eq. (28).
Now it is necessary to emphasize that the non-Hermitian Hamitonian eq. (24) inherently
has the η˜-pseudo-Hermiticity, which is the prerequisite for us to adopt the Heisenberg picture.
Considering eq. (30) and the Hermiticity of h˜, we can verify the η˜-pseudo-Hermiticity of H˜,
H˜‡ ≡ η˜−1H˜†η˜ = H˜, (32)
where η˜ is expressed in terms of Ω˜ as follows:
η˜ = Ω˜†Ω˜. (33)
This metric operator η˜ is both Hermitian and η˜-pseudo-Hermitian self-adjoint, that is, it is
easy to verify η˜† = η˜, and η˜‡ ≡ η˜−1η˜†η˜ = η˜.
In addition, one can deduce the existence of real eigenvalues for H˜ (eq. (24)) in accordance
with the non-Hermitian PT -symmetric quantum theory [6], which shows that our analysis is
compatible with the PT symmetry.
Before ending this section, we mention that the two known models, the Swanson model [8]
and the Pais-Uhlenbeck oscillator model [9], can also be dealt with in the Heisenberg picture.
For the Swanson model, it is just the special case of eq. (13) with V (x) the potential of
the harmonic oscillator, n = 0, and the only non-vanishing coefficient c1.
For the Pais-Uhlenbeck oscillator model, it has a little difficulty to treat because its equa-
tion of motion is fourth order that gives rise to the appearance of negative norms. However,
this problem has been overcome from the PT -symmetric point of view [10]. Alternatively, it
can also be solved from the PT -pseudo-Hermitian point of view [11]. Here we briefly revisit
this model in the Heisenberg picture by starting with its PT -pseudo-Hermitian Hamiltonian,
HPU =
p21
2m
+
1
2
ma21x
2
1 +
p22
2m
+
1
2
ma22x
2
2 + i
a3
2ma1a2
p1p2, (34)
where m is the mass of an anisotropic two-dimensional oscillator, and a1, a2, and a3 are non-
vanishing real constants with the inequality, |a3| < |a
2
1 − a
2
2|. This model was constructed
by adding an imaginary interacting term proportional to ip1p2 to the Hamiltonian of a free
anisotropic planar oscillator, for the details, see ref. [11]. We can derive its Heisenberg
equations of motion for both the coordinate operators and the momentum operators, which
are coupled complex equations. When eliminating the momenta and decoupling the two
spatial dimensions, we arrive at the same real fourth order equation of motion for both x1
and x2. Exactly following the procedure utilized in our two models (eqs. (13) and (24)), we
find that HPU can be converted into its Hermitian counterpart hPU and both of them have
the same eigenvalues through the following transformations,
hPU = ΩPUHPUΩ
−1
PU, (35)
φPU = ΩPUΦPU, (36)
where we have set HPUΦPU = EPUΦPU and hPUφPU = EPUφPU. The relevant results are
listed as follows:
ΩPU = exp
(
−
αx1p2 − βx2p1
2~
)
, (37)
hPU =
p21
2m1
+
1
2
m1ω
2
1x
2
1 +
p22
2m2
+
1
2
m2ω
2
2x
2
2, (38)
where the newly introduced parameters, if a1 > a2, are defined as
α =
a1
a2
ln
(
a3 + |a
2
1 − a
2
2|√
(a21 − a
2
2)
2 − a23
)
, β =
a2
a1
ln
(
a3 + |a
2
1 − a
2
2|√
(a21 − a
2
2)
2 − a23
)
,
m1 =
m
1− U
2a2
1
, m2 =
m
1 + U
2a2
2
,
ω21 = a
2
1
(
1−
U
2a21
)
, ω22 = a
2
2
(
1 +
U
2a22
)
,
U =
a23 + (a
2
2 − a
2
1)
(
|a21 − a
2
2| −
√
(a21 − a
2
2)
2 − a23
)
√
(a21 − a
2
2)
2 − a23
. (39)
Note that two masses (m1 and m2) and two angular frequency squares (ω
2
1 and ω
2
2) are
positive. If a1 < a2, the corresponding parameters can be obtained by the permutation
between a1 and a2 in the above seven parameters, and the new masses and angular frequency
squares are still positive.
5 Summary
In this paper we propose a suggestion — investigation of non-Hermitian Hamiltonians in
the Heisenberg picture — to determine the existence of real eigenvalues for a non-Hermitian
8
Hamiltonian system. The analysis can be fulfilled in the Heisenberg picture we establish for
a non-Hermitian but η-pseudo-Hermitian Hamiltonian. We apply this proposal to two com-
plicated non-Hermitian Hamiltonians, where one is non-Hermitian non-PT -symmetric, and
the other is non-Hermitian PT -symmetric. The models are shown to have real second order
equations of motion, and their Hermitian counterparts of Hamiltonians are deduced. The
iso-spectrum is verified by a non-unitary similarity transformation between a non-Hermitian
Hamiltonian and a Hermitian one.
Our analysis is complementary to the PT -symmetric quantum mechanics. That is, to a
model that has real equations of motion but no PT symmetry, such as eq. (13), one can ana-
lyze it as stated in the present paper. On the other hand, to a model that has PT symmetry
but no real equations of motion, such as the model with the imaginary cubic potential ix3, one
can follow the non-Hermitian PT -symmetric quantum theory [6]. Moreover, our discussion
about eq. (24) shows that our proposal is also compatible with the PT symmetry through
investigating the non-Hermitian Hamiltonian systems that possess both the real equations of
motion and the PT symmetry.
At last, we envision a possible application of our models in optics.
First of all, let us give a brief review of an interesting optical model that is related to
non-Hermitian potentials. Based on the formal equivalence between the Schro¨dinger equation
in quantum mechanics and the wave equation in optics, a PT -symmetric periodic potential
was proposed [12] within the framework of optics,
Voptics(x) ∝ cos
2 x+ iV0 sin(2x), (40)
where V0 is a real constant. This complex potential describes a one-dimensional planar
inhomogeneous configuration with a complex refractive index distribution, where the real part
stands for the real index profile of the lattice structure and the imaginary part represents the
gain or loss component. Beam dynamics was examined in terms of this complex potential
and some intriguing characteristics were revealed in double refraction, power oscillations,
eigenfunction unfolding, and nonreciprocal diffraction patterns.
Now we turn to our model given by eq. (13). When we take a special case, i.e. V (x) ∝
cos2 x, ck ∝ V0
(−1)k2n+k
(2k+1)!
, and n = k+1, our complex potential takes a simpler form as follows:
Vour model(x) ∝ cos
2 x+ i
V0
2
{sin(2x)p + p sin(2x)} , (41)
whose real part is same as but whose imaginary part is different from that of eq. (40). This
potential describes, in the sense of the formal equivalence between the quantum mechanical
equation and the optical wave equation, a different lattice structure from that depicted by
eq. (40), in particular, its imaginary refractive index depends on the interaction between
coordinates and momenta, while no such an interaction exists in the imaginary part of eq. (40).
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On the other hand, our complex potential is non-PT -symmetric, but η-pseudo Hermitian
(here η is a special case of eq. (23)), with which one may extend the study of beam dynamics
from a PT -symmetric system to a non-PT -symmetric one. When such a complex potential
is applied to beam dynamics, we suppose that it may probably lead to rich characteristics
beyond those that have been pointed out by ref. [12].
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Appendix A Derivation of eq. (16)
Making derivative to eq. (14) with respect to time, we have
x¨ =
p˙
m
+ i
∞∑
k=0
ck
(
x˙xk+n−1 + xx˙xk+n−2 + · · ·+ xk+n−2x˙x+ xk+n−1x˙
)
. (42)
Substituting eq. (15) into eq. (42), we obtain
x¨ = −
1
m
V ′(x)−
i
2m
{(
∞∑
k=0
ckx
k+n
)′
p+ p
(
∞∑
k=0
ckx
k+n
)′}
+i
∞∑
k=0
ck
(
x˙xk+n−1 + xx˙xk+n−2 + · · ·+ xk+n−2x˙x+ xk+n−1x˙
)
. (43)
Next, substituting eq. (14) into the third term of eq. (43) and considering the Heisenberg
commutation relations (eq. (12)), we reduce this term to be
i
2m
{(
∞∑
k=0
ckx
k+n
)′
p+ p
(
∞∑
k=0
ckx
k+n
)′}
−
1
2


(
∞∑
k=0
ckx
k+n
)2

′
. (44)
Combining eq. (43) with eq. (44), we see the cancellation of the imaginary terms and thus
derive the real second order equation of motion — eq. (16).
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Appendix B Verification of eq. (20)
Using eq. (19) and eq. (12), we make the similarity transformation to the three terms in
eq. (13),
Ω
{
p2
2m
}
Ω−1 =
p2
2m
−
i
2
{(
∞∑
k=0
ckx
k+n
)
p+ p
(
∞∑
k=0
ckx
k+n
)}
−
m
2
(
∞∑
k=0
ckx
k+n
)2
,
Ω {V (x)}Ω−1 = V (x),
Ω
{
i
2
{(
∞∑
k=0
ckx
k+n
)
p + p
(
∞∑
k=0
ckx
k+n
)}}
Ω−1
=
i
2
{(
∞∑
k=0
ckx
k+n
)
p+ p
(
∞∑
k=0
ckx
k+n
)}
+m
(
∞∑
k=0
ckx
k+n
)2
.
By adding the terms in the above three equations in the manner of left to left and right to
right, we obtain
ΩHΩ−1 = h, (45)
where h is the Hermitian Hamiltonian given in eq. (17).
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